Continuous-wave-driven Kerr nonlinear microresonators give rise to self-organization in terms of dissipative Kerr solitons, which constitute optical frequency combs that can be used to generate low-noise microwave signals. Here, by applying either amplitude or phase modulation to the driving laser we create an intracavity potential trap, to discipline the repetition rate of the solitons. We demonstrate that this effect gives rise to a novel spectral purification mechanism of the external microwave signal frequency, leading to reduced phase noise of the output signal. We experimentally observe that the microwave signal generated from disciplined solitons follows the external drive at long time scales, but exhibits an unexpected suppression of the fast timing jitter. Counter-intuitively, this filtering takes place for frequencies that are substantially lower than the cavity decay rate. As a result, while the long-time-scale stability of the Kerr frequency comb's repetition rate is improved by more than 4 orders of magnitude as a result of locking to the external microwave signal, the soliton stream shows a reduction of the phase noise by 30 dB at offset frequencies above 10 kHz.
Introduction -Low-noise microwave signals play a vital role in a wide range of industrial and scientific applications, including telecommunication networks [1] , radar/LIDAR systems [2] , digital sampling [3] as well as in fundamental research such as long baseline interferometry [4] and tests of fundamental constants [5, 6] . Traditionally, the microwave signals with the best spectral purity were provided by cryogenic microwave oscillators [7, 8] . Owing to the advancement of mode-lockedlaser frequency combs and optoelectronics, new photonicbased ways of generating ultralow-noise microwaves have been proposed and demonstrated, such as optical frequency division [9] [10] [11] , electro-optical frequency division [12] , or Brillouin lasing in microresonators [13, 14] .
Recently, dissipative Kerr solitons (DKS) in optical microresonators [15, 16] have been attracting surging interests due to their self-organizing mechanism that results from the double-balance between nonlinearity and anomalous group velocity dispersion, as well as between parametric gain and cavity loss. DKS offer high coherence, broad bandwidth and microwave-repetition rate frequency combs (also referred to as soliton microcombs), and have been applied successfully to ultrafast ranging [17, 18] , dual-comb spectroscopy [19] [20] [21] , calibrating astrophysical spectrometer [22, 23] , as well as optical frequency synthesis [24] . Like mode-locked-laser frequency combs, soliton microcombs can function as a frequency link between the microwave/radio-frequency (RF) domain and the optical domain [25, 26] . In particular, soliton microcomb photonic microwave oscillators hold great promise of providing a robust, portable and powerefficient way to synthesize pure microwave tones [27] . In contrast to alternative microresonator-based approaches for the generation of spectrally pure microwave signals using Brillouin lasers, the frequency of the generated signal is mainly determined by the cavity free spectral range (FSR), rather than the host material property of the resonator, thus offering control over the microwave center frequency. However, this flexibility comes at a price: reaching a good longterm stability requires the ability to control the comb repetition rate (f rep ) and the carrierenvelope offset (f ceo ) and discipline them to optical references or RF clocks. To obtain such ability most previous efforts focused on using active feedback to correct thermal drifts and noises [28, 29] and utilizing sophisticated structure design to get an appropriate actuation [26, 30, 31] .
In this work, we stabilize DKS in a crystalline microresonator and generate microwave signals with a phase noise level comparable to the previously reported best results obtained with DKS [27] , reaching -140 dBc/Hz at offset of 1 MHz. We adapt the microwave injection-locking technique that was previously used to stabilize modulationinstability (MI) combs [25, 32] to discipline the soliton stream by creating intracavity potential gradient that traps the solitons. This mechanism not only relies on linear cavity filtering, but exploits further the dynamics of DKS, and allows to reduce substantially the phase noise of an external microwave drive. Owing to the dynamical attractor of the soliton state, the stability of the disciplined solitons exhibits strong robustness against incoherent perturbations contained in the injected signals [33] , thus efficiently dissipating noises in a coherent system. This self-purifying mechanism leads to the reduction of the injected microwave phase noise, allowing the nonlinear cavity in the soliton state to act as a passive spectral purifier that can improve the performance of an external off-the-shelf electronic oscillators. In addition, the injection locking technique significantly simplifies the system. As depicted in Fig. 1 1 . The concept of a microcomb-based microwave spectral purifier. A commercially-available electronic microwave oscillator is used to modulate the pump laser, leading to the injection locking of solitons, thus providing an improved longterm frequency reference to the repetition rate of the Kerr soliton stream. On the other hand, the generated microwave exhibits a reduced phase noise level due to the nonlinear soliton dynamics, leading to noise reduction of the microwave signal for Fourier frequencies far away from the carrier.
microwave purifier constitutes in itself a f rep -stabilized frequency comb and a spectrally pure microwave generator into a single device.
Experiment -The experimental setup is shown in Fig. 2 (a) . A 1555-nm laser is amplified by an Erbium-doped fiber amplifier (EDFA) and 200 mW optical power is coupled into a z-cut magnesium fluoride (MgF 2 ) whispering-gallery-mode resonator with a FSR of 14.09 GHz via a tapered fiber. A single-soliton-state DKS comb is generated by scanning the laser over a resonance with a loaded quality-factor (Q) of 1.3 × 10 9 to reach the soliton step-like range [34] . To stabilize the effective laser detuning with respect to the cavity resonance, a Pound-Drever-Hall (PDH) error signal is generated by phase modulation of the laser with an electrooptic modulator (EOM) and the laser is frequency-locked to one of the sidebands. The frequency of the pump laser is then stabilized to a self-referenced fiber-laserbased comb by active control of the pump power with an acousto-optic modulator (AOM). In this manner, the resonance frequency of the pumped mode and thus the cavity FSR are controlled via the thermal effect induced by the modulated laser power absorption, with a limited control bandwidth of ∼ 1 Hz. As illustrated in Fig. 2 (c), this "pre-stabilization" scheme effectively stabilizes f ceo and improves the stability of f rep by up to 2 orders of magnitude at time scales of > 0.1 s (see Fig. 2 (f)), such that the time-consuming measurement of phase noise via cross correlation can be carried out properly. One should note that the fiber-laser-based comb can be replaced with a laser stabilized by an optical cavity [35] or an atomic vapor cell [36, 37] . We note that with improved thermal isolation of the resonator it is possible to eliminate the entire pre-stabilization setup [27] .
The injection locking of the soliton repetition rate is implemented by applying amplitude modulation (AM) or phase modulation (PM) on the pump laser, at a frequency close to the cavity FSR. Intuitive illustrations of how the injection locking works are presented in Fig. 3 (a) and (b), from frequency domain perspective in which the modulation frequency defines f rep through parametric four-wave-mixing, and in time domain in which a modulated CW field traps solitons and disciplines f rep correspondingly. In this proof-of-principle experiment we use a synthesizer to drive the AM/PM modulator but the input microwave signal could be from a frequency-fixed clock oscillator or a voltage-controlled oscillator (VCO). The modulation frequency f mod is swept around the freerunning f rep (∼ 14.09 GHz) and we observe that f rep is injection-locked by the input microwave signal. Fig. 3 (c) shows the evolution of the microwave spectrum of the DKS as we slowly swept the AM f mod . When the difference between f mod and the free-running f rep is larger than ∼ 400 Hz, multiple spectral components including f mod (the strongest), f rep (the second strongest) and multiple harmonics are observed in the spectra, indicating an absence of injection locking. As f mod is approaching the free-running f rep , the spectrum displays typical frequency-pulling effect as f rep is pulled towards f mod [38] . When the frequency difference between f mod and free-running f rep is less than ∼ 300 Hz all the spectral components merge into a major one, indicating that the f rep is synchronized to f mod , i.e. the soliton stream is locked to the external drive. We measured the frequency instabilities of the injected-locked f rep against f mod , which is also presented in Fig. 2 (f) . The Allan deviation shows that at time scales of > 0.1 s the fluctuations of f rep has been suppressed significantly -up to more than 4 orders of magnitude at averaging time of 1000 s, indicating that the disciplined DKS tightly follow the injected microwave frequency.
We acquire the locking range from the evolution of the RF spectrum, and repeat the measurement with varied AM modulation index. As shown in Fig. 3 (e) , with modulation index of less than 0.1, the locking range rises monotonically with almost perfect linearity as the modulation strength increases. With stronger modulation the slope of the locking range scaling increases, which is attributed to the appearance of higher order modulation sidebands. We also measure the locking range with f mod around 2 × f rep (∼ 28.18 GHz). The results show that the locking range increases by nearly a factor of 2, which is due to the increased gradient of the soliton-trapping potential [39] [40] [41] [42] .
Soliton spectral purification effect -To characterize the spectral purity at f rep , the out-coupled soliton stream is filtered by a fiber Bragg grating filter (FBG) to suppress the pump light and then amplified by an EDFA and subsequently attenuated to ∼ 5 mW before it was registered by a fast photodetector. We use a phase noise analyzer to measure the phase noise of the 14.09 GHz signal output by the photodetector. Fig. 4 presents the single-sideband (SSB) phase noise level when PM soliton injection locking was performed. One should note that very similar results were also observed with AM injection locking. At low offset frequencies between 1 -100 Hz the injection-locked DKS show improved noise level that is in agreement with the phase noise level of the input RF tone due to the better long-term frequency stability provided by the injected microwave signal, as confirmed by the Allan deviations. This result shows that the soliton stream is strictly disciplined by the potential trap at low frequency ranges. Remarkably, at offset above 500 Hz the spectrum of the injection-locked f rep maintains the intrinsic high quality, which is several orders of magnitude lower than the input microwave in terms of phase noise level. We note that this purifying effect cannot be explained by the cavity filtering since the frequency range where the purification is observed is ∼ 3 orders of magnitude lower than the loaded cavity resonance bandwidth (∼ 150 kHz). At offset frequencies above 10 kHz a reduction of the input microwave phase noise level by 30 dB is achieved, showing the exceptional spectral purifying ability of the disciplined DKS.
Simulation of soliton spectral purification -In order to study the mechanism of the observed spectral purification, we performed simulations of PM-to-PM transfer function based on the Lugiato-Lefever equation (LLE) [43] . The LLE-like model is similar to the one described in [44] , which can be expressed as: (1) whereÃ µ and A are the spectral and temporal envelopes of DKS respectively (related via A(t) = µÃ µ e −iµD1t ), κ is the cavity loss rate, g is the single photon induced Kerr frequency shift, κ ex is the coupling rate and |s in | 2 denotes the power of the laser pumping the central mode, δ µ0/±1 is the Kronecker delta, and F[ ] µ represents the µ'th frequency component of the Fourier series. We include third oder dispersion in D int (µ). A pair of PM sidebands are included in the last term of the equation, where is the modulation index, and Ω is the frequency difference between the FSR and the input microwave signal.
Adapting the technique used in [45] , we introduce phase modulation on the microwave signal with varied modulation frequencies and derived the phases of the purified microwave signal from the comb spectra with
where ω in is the frequency of the input microwave signal. We use pump power of 200 mW and = 0.32 for the numerical simulation. The results are presented in Fig. 5 . While the simulated transfer function at low frequency (∼ 200 Hz) shows an amplitude that is close to unity, it rapidly falls as the offset frequency increases, reaching a minimum of ∼ −63 dB around 500 kHz, thus revealing a significant phase noise suppression in the soliton state.
To verify the theoretical results, we experimentally implement PM at varied frequencies on the input microwave signal and measure the phase response of the microwave signals generated from the DKS. In this way we derive the transfer function, which is plotted in the same figure. From the comparison we see that at low frequency the experimental results and the simulation are in excellent agreement. However, at higher offset frequencies the experimental results of noise suppression are limited to ∼ −17 dB, which is significantly higher than the simulated level. After a series of investigations we found that the discrepancy is caused by the residual input laser light that was not coupled into the resonator and imperfectly suppressed before the photodetector. In Fig. 5 we also plotted this noise floor, which yields good agreement with the experiment. A potential solution to this issue is to use a separate drop-port coupler to couple DKS out of the resonator so the purified microwave signal would not be contaminated by the phase noises contained in the input fields. Conclusion -We have experimentally and numerically demonstrated a novel phase noise purifying mechanism by disciplining soliton stream with potential traps. The high frequency noise of the disciplining potential was self-purified, at frequency offsets well below the cavity resonance bandwidth. Our technique reveals the unique stability of the self-organization of temporal solitons is well suited to deliver microwaves with exceptional phase noise level. It could also facilitate the application of microcombs in coherently averaged dual-comb spectroscopy [46] and coherent optical telecommunication [47] .
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